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Abstract

This theoretical and computational study provides insight into the behaviour of large bubbles generated
by underwater explosions near the seabed and airguns close to supporting structures when at least two
opposing forces influence bubble behaviour. A null final Kelvin impulse occurs when these forces are in
balance over a pulsation. Likewise for smaller bubbles such as occur in levitation phenomena for bubbles
in a sound field, an �equilibrium� bubble position is achieved. In both cases, energy dissipation mechanisms
near minimum volume are important in determining subsequent bubble behaviour. Two cases typify the
jetting behaviour near the null final Kelvin impulse state: (i) formation of an inward-flowing circular radial
jet leading to bubble splitting, and (ii) formation of two opposite high-speed axial jets directed towards the
bubble centre. The complex behaviour is attributed to a slight difference between the strength of the oppos-
ing forces acting on the bubble during growth and collapse. The present results indicate that the jetting
behaviour in the neighbourhood of the neutral bubble collapse can be adequately described by the Kelvin
impulse itself, but evaluated during the collapse phase of the bubble. Its direction determines the position of
the radial jet in the initial phase of the collapse while its magnitude indicates the degree of asymmetry of the
bubble-split and the intensity of the radial jet. Both factors are essential in estimating the final fate of the
bubble at the neutral collapse state. Away from this null-state, the final Kelvin impulse is a valuable tool in
predicting the migratory characteristics of the bubble and the direction of the axial jet developed during
bubble collapse.
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1. Introduction

Pulsating buoyant bubbles acted upon by opposing forces have particular relevance to the mo-
tion of underwater explosion bubbles and airgun generated bubbles (diameter 0.5–10 m) near the
seabed, the sea surface or structures. In some cases the forces acting on a bubble over a pulsation
may be in near equilibrium. This aspect is best measured by a quantity known as the Kelvin im-
pulse, in effect the time integral of the forces acting, which will have a value near zero at the end of
a pulsation for equilibrium cases. This is referred to as the �null final Kelvin impulse state�. This
near equilibrium state is also relevant to levitated acoustic bubbles as occurs in single bubble
sonoluminescence or sonochemistry. Additionally, energy loss and dissipation mechanisms near
minimum volume are not well understood leading to poor subsequent predictions of bubble re-
bound behaviour. Understanding the likely bubble topology, the bubble surface velocities, espe-
cially any jetting behaviour that might occur, and the pressure field surrounding a bubble will lead
to an enhanced understanding of the likely energy loss and dissipation mechanisms such as jetting,
acoustic radiation, viscous forces and turbulence as well as the partitioning of energy into poten-
tial and kinetic energy at different stages of the bubble period.

Since the classic work of Rayleigh (1917), the collapse of a cavity has been treated with various
degrees of sophistication. Rayleigh analysed the collapse of an empty spherical bubble in a liquid
of infinite extent under an excess pressure. Other works have included the effects of surface ten-
sion, viscosity and compressibility (see, for example, Prosperetti and Lezzi, 1986 and the refer-
ences therein). Kornfeld and Suvorov (1944) were the first to suggest that bubbles might
collapse asymmetrically and produced a jet. The asymmetry of the collapse is a result of a pressure
gradient. In the case when this pressure gradient is provided by a rigid boundary, often a jet forms
which is directed onto the surface (Plesset and Chapman, 1971). The most significant parameter
affecting the dynamical properties of the jet is the non-dimensional stand-off, defined as the dis-
tance of the initial location of the bubble from the boundary scaled by the maximum bubble
radius, which is denoted by c (Blake et al., 1986; Vogel et al., 1989).

In addition to the pressure gradient generated by the rigid boundary, a large pulsating, buoyant
bubble is subjected to a second pressure gradient induced by the gravitational field. Depending on
the direction and the relative strength of the pressure gradients a large variety of the jetting behav-
iour was identified which includes the formation of an inward-flowing circular radial jet (hereafter
called a radial jet) and axial jets directed towards and away from the boundary. Classic examples
are given in the papers by Blake et al. (1986) and Best and Kucera (1992). The evidence of the
numerical computations presented in these papers also indicates that the direction of the jet
and the direction of the Kelvin impulse at the end of the collapse (final Kelvin impulse state)
are closely correlated. A less understood aspect of the bubble dynamics is the jetting behaviour
near the null final Kelvin impulse state. This case is particularly interesting because the opposing
forces acting on the bubble motion, namely the downward directed pressure-gradient force direc-
ted towards the boundary and the upward buoyancy force, lead to a near zero Kelvin impulse at
the end of bubble collapse.
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In this paper, the dynamics of a pulsating, buoyant bubble situated above a rigid boundary near
the null final Kelvin impulse state is investigated numerically using a boundary integral method.
The results of the numerical computations provide the bubble profiles and the pressure contours
in the liquid surrounding the bubble. We found a complex jetting behaviour which depends
strongly on the initial location of the bubble from the boundary. At small c-values, an asymmetric
radial jet is formed leading to bubble splitting. At larger c-values, two axial jets directed towards
the bubble centre are developed during the collapse phase of the bubble as a consequence of a
more symmetric but weaker radial jet in the initial phase of bubble collapse. Each jet is further
accelerated during the final stage of the bubble collapse by a high pressure region that develops
when the bubble wall is already indented. The complex jetting behaviour is attributed to a differ-
ence between the strength of the opposing forces during the collapse phase of the bubble.

We believe that the present results are interesting in two complementary ways. First, they reveal
the complex jetting behaviour of a bubble situated in two opposing pressure gradients in the
neighbourhood of the null final Kelvin impulse state. Secondly, the results give insight into the
energetics of the final stages of a violently collapsing bubble that will be invaluable in understand-
ing pressures, stresses and energy dissipation mechanisms which may have bearing on the behav-
iour of bubbles, materials and molecules in a range of medical and industrial applications (e.g.
shock wave lithotripsy, laser surgery, gene expression, therapeutic ultrasound and sonochemistry).

The fluid mechanics of energetic, pulsating, buoyant bubbles are dominated by inertial effects
because of the high velocities and short time scales leading to very high Reynolds number flows.
Therefore we model the fluid mechanics by an inviscid and incompressible fluid where the motion
is irrotational. Well established boundary integral techniques (e.g. Best and Kucera, 1992; Pear-
son et al., 2004) accurately model the highly non-linear and non-spherical bubble behaviour
extremely accurately. Pressures are typically large so that surface tension effects may be neglected.
However, buoyancy forces are important in this case. We define a buoyancy parameter d as
follows:
d ¼ qgRm

Dp

� �1=2

ð1Þ
with q the density of the fluid, g gravitational acceleration, Rm maximum bubble radius, and
Dp = p1 � pv the pressure scale obtained from the difference between the ambient pressure at
the point of bubble generation and the vapour pressure. Physically, d corresponds to the ratio
of the velocity of the buoyant motion of the bubble, (gRm)

1/2, to the characteristic velocity of bub-
ble growth or collapse (Dp/q)1/2. In the calculations that follow, this latter velocity will be used to
scale velocities, Rm to scale length and Dp pressures.

The pressure inside the cavity is assumed to be uniform and consists of a constant vapour pres-
sure and a volume-dependent non-condensible gas pressure. A simple adiabatic model is used for
the variation of cavity pressure, pc, giving
pc ¼ pv þ p0ðV 0=V Þj; ð2Þ

where p0 is the initial pressure of the non-condensable gas inside the bubble (corresponding to a
bubble volume V0) and j is the ratio of specific heats. The assumption of a uniform gas pressure is
likely to be inaccurate over the last few percent of the collapse time but one would not expect this
circumstance to induce order-of-magnitude errors in the results.
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Initial conditions are dependent on the particular application. For example, direct modelling
of the temporal evolution and spatial distribution of the energy deposition during detonation is
complicated, and details depends strongly on the type and geometry of the explosive charges
(Cole, 1948). We therefore neglect the details of the detonation process and assume that the bub-
ble originates from a small spherical cavity of radius R0, wall velocity v0, and internal pressure p0
which subsequently grows to many times its initial volume. The constants in the above equations
are: density of water q = 998 kg/m3, polytropic exponent of air j = 1.4, vapour pressure
pv = 2.35 kPa, and static ambient pressure p1 = 100 kPa. The initial radius is chosen such that
the maximum dimensionless radius to which the bubble would expand in an infinite fluid is equal
to one and this value is obtained from an energy balance equation. The other two values
adopted as initial conditions are a = p0/(p1 � pv) = 100 and v0 = 10. It should be noted here
that different values of the initial pressure and radial velocity show the same gross structure
of bubble dynamics at null final Kelvin impulse state, with just shifted values in the c–d param-
eter space. This has been confirmed by some trial calculations with v0 in the range 1–100 and a
up to 1000.
2. Kelvin impulse

The concept of the Kelvin impulse, which was applied to bubble dynamics by Benjamin and
Ellis (1966), provides a useful theoretical framework for interpreting the behaviour of a bubble
near boundaries. The Kelvin impulse can be interpreted as a linear impulse of the bubble if
one attributes a virtual mass to the bubble which corresponds to the liquid mass moving around
the cavity. Since axial jets are associated with bubble migration in the direction of the jet, it was
suggested that their occurrence and direction can be predicted by analysing the Kelvin impulse at
the end of the bubble collapse (Blake et al., 1986, 1987, 1997; Best and Kucera, 1992; Best and
Blake, 1994).

The Kelvin impulse of a cavity (scaled by R3
mðqDpÞ

1=2) is defined as
I ¼
Z
Sb

/ndS; ð3Þ
where Sb is the surface of the bubble. The sense of the normal vector to the surface, n, is taken to
be positive into the bubble interior. The rate of change of the Kelvin impulse is given by (Blake
and Cerone, 1982)
dI

dt
¼ FR þ Fg; ð4Þ
with
FR ¼ �
Z
Sb

1

2
jr/j2n� o/

on
r/

� �
dS; ð5Þ
and
Fg ¼ d2V ez; ð6Þ
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ez being a unit vector in the positive z-direction. Fg is the buoyancy force and FR is the pressure-
gradient Bjerknes force exerted by the boundary. These expressions can also be derived by using
the fact that the hydrodynamic force, Fh, on the bubble is zero, where
Fh ¼ � dI

dt
�
Z
Sb

1

2
jr/j2n� o/

on
r/

� �
dS þ d2V ez: ð7Þ
It is evident from (4) that the Kelvin impulse is a function of time, starting from zero at inception
and changing sign during the lifetime of the bubble depending on the relative strength of the
forces acting on the bubble motion. The interesting feature of (4) is the existence of a null final
Kelvin impulse state defined by I = �(FR + Fg)dt = 0 at the end of the first bubble pulsation for
appropriately related values of c and d with the exact nature of this relationship being determined
later in this section. The choice of time at the end of the first pulsation is based on the (normal)
observation that a bubble remains near spherical for much of its lifetime (�95%), only developing
significant non-sphericity at the end of the pulsation where the additional contributions to the
Kelvin impulse are small (O(R)). It is at this state that the strength of the competing pressure-gra-
dient and buoyancy forces is equal and the centroid of the bubble maintains its initial position.

A comment on the calculation of the Kelvin impulse is appropriate here. When the bubble is
initiated very close to the rigid boundary (c < 0.7) the computations break down before the bubble
reaches the minimum volume because the liquid layer between bubble and wall is extremely thin
and, therefore, the final Kelvin impulse of the bubble cannot be accurately calculated. In this case,
the null final Kelvin impulse state of the bubble is estimated by considering the centroid position
in a very late stage of bubble collapse. With increasing initial distance between bubble and bound-
ary, the computations better describe the final stages of bubble collapse and the calculated value
of the final Kelvin impulse becomes more accurate.

Several relatively simple models can assist with defining the c–d parameter space of the Kelvin
impulse for energetic, pulsating, buoyant bubbles. The simplest model represents the bubble as a
time-dependent source at a fixed stand-off distance h above a rigid boundary (Blake et al., 1986;
Blake, 1988). The �final� Kelvin impulse of the spherical model bubble at the end of the first col-
lapse Ix(tc) is
IxðtcÞ ¼
2

ffiffiffi
6

p
pR5

mðqDpÞ
1=2

9h2
½2c2d2Bð11=6; 1=2Þ � Bð7=6; 3=2Þ�; ð8Þ
where B(p,q) is a Beta function. The first term in (8) corresponds to the integrated buoyancy con-
dition whereas the second term is associated with a pressure-gradient Bjerknes force directed to-
wards the rigid boundary. For the null �final� Kelvin impulse state this is set equal to zero to yield
the following relationship between c and d
cd ¼ Bð7=6; 3=2Þ
Bð11=6; 1=2Þ

� �1=2
� 0:442: ð9Þ
A slightly more sophisticated model was developed by Best (Best, 1991; Best and Blake, 1992)
which allowed the spherical bubble to move in the vertical direction by adding a time-dependent
dipole to the previous source as well as various image systems to maintain the sphericity of the
bubble. To this we add a term to account for the presence of the adiabatic gas content. This leads
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to the set of coupled ODE�s for the motion of the bubble for the following dimensionless vari-
ables: radius R, bubble depth H and translational velocity U:
R€R 1þ R
2H

� �
þ 3

2
_R
2

1þ 2R
3H

� �
� 1

4
U 2 ¼ a

R0

R

� �3j

þ d2ðH � cÞ � 1; ð10aÞ
d 3 R4
dt
ðR3UÞ ¼

4 H 2
ð3 _R2 þ R€RÞ þ 2d2R3; ð10bÞ
dH

U ¼

dt
ð10cÞ
subject to appropriate initial conditions discussed earlier
Rð0Þ ¼ 0:1383; _Rð0Þ ¼ 10;

Hð0Þ ¼ c; Uð0Þ ¼ 0:
ð10dÞ
This leads to an expression for the Kelvin impulse of
I ¼ 2

3
p R3U � 3

4

R
H

� �2

R3 _R

" #
: ð11Þ
These equations may be integrated numerically to yield a graph for the zero Kelvin impulse state
at the end of the first collapse similar to that obtained from (9) but shifted to the left (see Fig. 5
later).
3. Results

3.1. Kelvin impulse, bubble migration and jet formation

The purpose of the computed examples presented here is to provide a framework showing the
range of possible behaviours when a bubble is subjected to two opposite pressure gradients, fur-
ther developing the studies of previous authors (Blake et al., 1986; Best and Kucera, 1992).

Fig. 1 shows the relation between jet formation, centroid migration and final Kelvin impulse for
a stand-off of c = 1. When the magnitude of the opposing forces is near equal, the final Kelvin
impulse is close to zero and a symmetric radial jet is observed in a late collapse stage. A radial
jet may also develop when the strength of the opposing forces are not equally strong, but it will
be displaced slightly in response to these differences. For example, the radial jet is located at the
bubble part closer to the boundary when the final Kelvin impulse is directed away from the
boundary (I(tc) > 0), while if it is directed towards the boundary (I(tc) < 0) the radial jet will be
located at the bubble part far from the boundary. Obviously, the larger the absolute value of
the final Kelvin impulse, the more displaced is the position of the radial jet during bubble collapse.
In the very late stages of the collapse, the radial jet leads to bubble splitting and the generation of
two high-speed axial jets in opposite direction (see, for example, Blake et al., 1997). These bubble
characteristics have been also observed for motion between parallel plates (Chahine, 1982), in an



Fig. 1. Centroid position of a bubble situated above a rigid boundary for c = 1 and different values of the buoyancy
parameter. The computed bubble shape in the final collapse stage is also illustrated. The value of the Kelvin impulse at
the end of the collapse is given below each bubble shape. The null final Kelvin impulse state of the bubble is considered
to occur for d = 0.352, although the calculated value of the final Kelvin impulse is 0.03. It is at this d-value that the
centroid position in the very late collapse stage is close to the initial distance between bubble and boundary. Slightly
larger or smaller values of d result in bubble migration away-from and towards the boundary, respectively.
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axisymmetric stagnation flow towards a rigid boundary (Robinson and Blake, 1994), and near an
elastic boundary (Brujan et al., 2001a,b). In the limit, however, when one of the forces dominates,
only one axial jet is formed and the bubble migrates in the direction of the dominant force. Later
in the collapse phase the axial jet penetrates the opposite bubble wall and the bubble takes a toroi-
dal shape (see, for example, Brujan et al., 2002, Pearson et al., 2004).

A very interesting phenomenon is observed for a stand-off of c = 2 (Fig. 2). The transition from
jet formation directed downwards to jet formation directed upwards, as the relative strengths of
the buoyancy and pressure-gradient forces change, consists of two axial jets directed towards the
Fig. 2. Centroid position of a bubble situated above a rigid boundary for c = 2 and different values of the buoyancy
parameter. The computed bubble shape in the final collapse stage is also illustrated. The value of the Kelvin impulse at
the end of the collapse is given below each bubble shape.



E.A. Brujan et al. / International Journal of Multiphase Flow 31 (2005) 302–317 309
bubble centre. At the near null final Kelvin impulse state of the bubble the upper jet is faster and
thinner than the lower one. At larger positive values of the final Kelvin impulse the lower jet be-
comes dominant, while the dominance of the upper jet is preserved at smaller negative values of
the final Kelvin impulse. Similar results have been reported for the motion of a bubble situated in
a rearward stagnation-point flow near a rigid boundary (Blake et al., 1986). We further note that,
in both examples, the direction of the final Kelvin impulse coincides with the direction of bubble
migration.

3.2. Bubble dynamics near the null final Kelvin impulse state

In this section we give representative examples of the dynamics of a pulsating, buoyant bubble
close to a rigid boundary and near the null final Kelvin impulse state. Two typical cases are iden-
tified as the initial location of the bubble from the rigid boundary is increased: (i) formation of a
radial jet leading to bubble splitting, and (ii) formation of two opposite axial jets directed towards
the bubble centre. In the following, part (a) of each figure shows the calculated bubble shapes
while part (b) shows the flow field in the liquid surrounding the bubble in a final stage of the
collapse.

Fig. 3a illustrates the temporal development of the bubble shape when the values of the stand-
off and buoyancy parameter are c = 1 and d = 0.352. Although during the initial growth phase the
bubble keeps its near spherical symmetry, at maximum volume it becomes flattened in a direction
parallel to the boundary. Once the oblate shape of the bubble is formed (t = 1.001), it collapses
from its sides leading to the production of a radial flow which is more pronounced around the
surface of the bubble closer to the rigid boundary. Therefore, an ‘‘egg-timer’’ shape of the bubble
develops in a later stage of the collapse (frames 5–7). An additional factor contributing to the for-
mation of the ‘‘egg-timer’’ shape is the low pressure region between the collapsing cavity and the
boundary which keeps the bubble close to the boundary. The maximum dimensionless velocity of
the radial jet is 28 (approximately 280 m/s in absolute value) and is reached in the final stage of
bubble collapse. At time t = 2.183, pinch-off is observed to occur and the bubble splits in two.
Had the calculations been allowed to continue, two high-speed axial jets emanating from the
high-curvature regions of closure would be formed, the lower of which would strike the boundary
with an ultra high velocity (Blake et al., 1997). The pressure field at the conclusion of collapse is
given in Fig. 3b. It can be seen that the jet is further accelerated during the late stages of the col-
lapse by a ring-shaped region of high pressure with a magnitude of 90 (9 MPa in absolute value)
surrounding the bubble that develops when the bubble walls are already indented.

When the bubble is initiated far from the boundary (Fig. 4a; c = 2, d = 0.195), it retains much
of its spherical symmetry at the maximum expansion. In this case the flow field is more symmet-
rical and the formation of a radial flow occurs around the bubble equator. The bubble acquires
the form of a prolate spheroid during the initial collapse phase (frames 4 and 5). Subsequently,
two axial liquid jets directed towards bubble centre develop at the bubble poles. The jet directed
away from the boundary develops first as a result of a higher curvature of the bubble wall close to
the boundary. We note that whereas the maximum velocity of the axial jet directed towards the
boundary is 30 the corresponding value for the axial jet directed away from the boundary is about
18. The fluid speed upon collapse is so high that both jets penetrate the bubble sufficiently that the
bubble does not rebound in connected form. The damage capability of the bubble is even smaller



Fig. 3. Bubble dynamics at the null Kelvin impulse state for c = 1 and d = 0.352. (a) Variation with time of the bubble
shape. (b) Pressure contours in the liquid surrounding the bubble in the final stage of bubble collapse (t = 2.182).
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in this case, on one hand, because the bubble is too far from the boundary at the end of the col-
lapse and, on the other hand, the axial jets interfere with one another in the final collapse stage.
The formation of two opposite axial jets was also observed experimentally during the collapse of
cylindrical bubbles in a liquid of infinite extent (Godwin et al., 1999). In Fig. 4b, the pressure con-
tours in the liquid surrounding the bubble are given for t = 2.048. It is clearly indicated that the
presence of two local peak pressures located above and below the bubble is responsible for the
acceleration of both jets during the very late stages of the collapse. The magnitude of the high
pressure regions is about 500. The rigid boundary leads to a prolongation of the collapse time
of the bubble and to a decrease of the maximum pressure in the liquid surrounding the bubble.
For large c-values, the collapse is almost spherical and the axial jets develop only at a very late
stage of the collapse. The liquid moves almost radially towards the collapse centre, leading to a
violent collapse with a strong compression of the bubble contents. For small c-values, the radial
flow is dominant while the upper and lower sides of the bubble are almost motionless (Fig. 3a,



Fig. 4. Bubble dynamics at the null Kelvin impulse state for c = 2 and d = 0.195. (a) Variation with time of the bubble
shape. (b) Pressure contours in the liquid surrounding the bubble in the final stage of bubble collapse (t = 2.048).
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frames 6–10). As kinetic energy is clearly associated with this motion, the bubble content becomes
less compressed than in the case of large c-values (compare the minimum bubble sizes for the cases
illustrated in Figs. 3 and 4) so the pressure amplitude in the surrounding liquid is diminished.

3.3. Jetting behaviour as a function of c and d

Fig. 5 gives an overview of the jetting behaviour as a function of the normalized distance be-
tween bubble and boundary c and the buoyancy parameter d, thus identifying the regions of
parameter space where the near equilibrium behaviour associated with a null Kelvin impulse
may be found. The solid line denotes the null final Kelvin impulse state where the bubble centroid
maintains its initial position at the end of the collapse (neutral bubble collapse). States described
by points lying above the null final Kelvin impulse curve (I(tc) > 0) correspond to bubble migra-
tion away from the boundary, while points lying below the null final Kelvin impulse curve



Fig. 5. Jetting behaviour of a pulsating, buoyant bubble situated above a rigid boundary as a function of the stand-off c
and buoyancy parameter d. The solid line denotes the null final Kelvin impulse state of the bubble. Filled symbols:
radial jet leading to bubble splitting and open symbols: two opposite axial liquid jets developed during bubble collapse.
The dashed line surrounds the region where an radial jet leading to bubble splitting is generated and the dotted line the
region where two opposite axial jets directed towards the bubble centre are observed. For comparison, the analytical
estimate of the null Kelvin impulse state using point source solutions (Blake, 1988) (dash and dot line) and the results
obtained by using Eqs. (15) and (16) (dashed line with two dots) are also shown in the figure. The values of c and d at
the null final Kelvin impulse state obtained using the boundary integral method (BIM) and Eqs. (15) and (16) are also
shown.
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(I(tc) < 0), correspond to bubble migration towards the boundary. The zones where only one axial
jet develops during bubble collapse are separated by regions centred around the null final Kelvin
impulse curve with a complex jetting behaviour. For small c-values, a radial jet develops leading
to bubble splitting and the formation of two axial jets directed towards and away from the bound-
ary. The bubble achieves an oblate shape in the early collapse phase and collapses faster from the
sides in a later stage. This leads to the formation of a strong radial jet which finally separates the
upper and lower parts of the bubble and generates two axial jets flowing in opposite directions.
For large c-values, two opposite axial jets directed towards the bubble centre are formed in the
final stage of the collapse. In this case, the magnitude of the opposite forces acting on the bubble
motion is, however, too small to induce a pronounced flattening of the bubble into an oblate
shape which would lead to the formation of a strong radial jet. For example, for c = 2 and
d = 0.195, the horizontal axis of the expanded bubble is only about 5% longer than the vertical
axis (Fig. 4a, frame 3). Because of this small deviation from sphericity the liquid is preferentially
drawn in from the sides only in a very late stage of the collapse and the bubble becomes elongated
along the axis of symmetry. Also included in this figure are the results predicted by the spherical
model of Best (1991) and the analytical estimate of the null final Kelvin impulse state as obtained
by Blake (1988). For motion in the closest proximity to the rigid boundary the spherical model
fails to give an adequate estimate of the final Kelvin impulse. However, as the point of inception
moves away from the boundary the agreement improves substantially. It is evident that the simple
analysis based on the Kelvin impulse at the end of the collapse does not portray the whole com-
plexity of the jetting behaviour in the neighbourhood of the neutral collapse state of the bubble. It
represents, however, a valuable tool in predicting the migratory characteristics of the bubble.



Fig. 6. Velocity of the radial jet (solid line) and axial jets directed towards the bubble centre (upper jet: dash and dot
line, lower jet: dotted line) developed during bubble collapse at the null Kelvin impulse state.
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Fig. 6 shows the maximum velocity of the annular jet and axial jets directed towards and away
from the rigid boundary at the null final Kelvin impulse state as a function of the stand-off param-
eter c. A first qualitative comment is that the maximum velocity reached by the radial jet is strik-
ingly high with values of up to 36 at c = 0.9. The radial jet velocity becomes smaller when c is
increased so that at c = 5 the maximum jet velocity is about 6.5. It is worth noting here that,
for c = 0.9, the maximum velocity of the annular jet is reached at the end of the collapse. With
increasing c, the maximum velocity of this jet is reached in an earlier stage of the collapse. On
the other hand, each axial jet is characterized by a critical value of c at which the maximum veloc-
ity of the jet attains the highest value. It was found that an increase with one order of magnitude
of the strength parameter a results in an increase of the maximum velocity of the jets with a factor
of 6. At these high values the assumption of liquid incompressibility adopted in the present model
is no longer justified. However, these results do give an indication of the violence of the collapse
and the resulting non-spherical bubble behaviour when the bubble oscillates near the null final
Kelvin impulse state.
4. Discussion

4.1. Jetting behaviour near the null final Kelvin impulse state

The results presented in the previous section revealed a very complex dynamics of a pulsating,
buoyant bubble near a rigid boundary near the null final Kelvin impulse state. This includes for-
mation of both radial and axial jets directed towards the bubble centre. The basic question we
wish to address here is, why the bubble has so many types of behaviour for the same value of
the Kelvin impulse at the conclusion of the collapse? A qualitative answer can be formulated
by studying the Kelvin impulse during the collapse phase of the bubble. Fig. 7 shows the variation
with time of the Kelvin impulse during the first oscillation period of the bubble for different initial
location of the bubble from the boundary. The starting point in explaining the mechanisms



Fig. 7. Kelvin impulse during the oscillation period of a bubble at the null Kelvin impulse state.
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governing the jetting behaviour is given by the observation that during the collapse phase of the
bubble the Kelvin impulse is directed away from the boundary. Since the buoyancy force is pro-
portional to the bubble volume and since the pressure-gradient force is strongly manifested only in
the late collapse stages, the magnitude of the buoyancy force is larger over the entire collapse
phase of the bubble.1 Therefore, the radial flow is developed around the lower section of the bub-
ble, in accord with the general principles of radial jet formation discussed above. Since the Kelvin
impulse increases with decreasing c, the radial flow is initiated closer to the lower pole of the bub-
ble with lower c. With increasing c, the radial flow becomes more and more symmetric leading to
the formation of a prolate shape of the bubble. According to Lauterborn (1982), jet formation can
be explained by differently curved parts of the bubble surface, as the proportional relation be-
tween radius and collapse time (Rayleigh�s formula) may be adopted for local radii as well. More
highly curved parts of a bubble corresponding to a smaller bubble radius collapse faster than less
curved parts leading to the formation of a liquid jet that threads the bubble. The top and bottom
of the elongated bubble, i.e. the parts of the bubble with the highest curvature, collapses faster
inducing the formation of two axial jets directed towards the bubble centre. The velocity of the
upper axial jet is, however, larger than that of the lower axial jet to balance the increase of the
Kelvin impulse due to the earlier formation of the lower jet. At very large c-values, the velocity
of the axial jets tends to become equal. Only in the limit c !1 and d = 0, the Kelvin impulse
is zero over the whole oscillation period and the bubble keeps the spherical shape throughout
its motion.

Unfortunately, despite the numerous experimental studies on the behaviour of underwater
explosions near rigid boundaries (Menon and Lal, 1998; Kira et al., 1999; Rajendran and Nara-
simhan, 2001; and the references therein), no experimental data exist with which to make a direct
comparison of our simulations. This fact is not surprising taking into account how small is the
region centred around the null final Kelvin impulse state with the complex jetting behaviour.
1 During the growth phase of the bubble the Kelvin impulse is directed towards the boundary because the bubble side
nearest to the boundary moves into a region of higher relative impedance than the opposite side even though the
velocities are similar. However, this feature has no consequence for jet formation.
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More accurate experimental studies are needed before a confirmation of the present results be-
comes possible. Our results suggest, however, a violent collapse of the bubble in the neighbour-
hood of the null Kelvin impulse state. The most pronounced damage of the nearby boundary
is likely to occur for c-values smaller than one where the annular jet leads to bubble splitting
and the formation of a high-speed axial jet directed towards the boundary. This jet is further
accelerated by the shock waves emitted upon the collapse of the upper part of the bubble on
the cavity closer to the boundary (see, for example, Brujan et al., 2001a). Besides this, the high
pressure and temperature developed inside the collapsing bubble are also potential damage mech-
anisms of the nearby boundary.

4.2. A particular case: bubble motion between two parallel flat boundaries

A bubble oscillating between two parallel flat rigid boundaries is subjected to two opposite
pressure-gradient forces. In this case, the null final Kelvin impulse state is obtained when the bub-
ble is initiated at equal distance from the boundaries. It is here that the opposite pressure gradi-
ents acting on the bubble motion are of equal importance when summed over the bubble period
and the Kelvin impulse is zero during both the growth and collapse phase of the bubble. There-
fore, a symmetric radial flow is developed during bubble collapse. The experimental results of
Chahine (1982) indicate that for small c-values the radial flow determines the formation of an ra-
dial jet leading to bubble splitting and the formation of two axial jets of equal velocity directed
towards and away from the boundary. Furthermore, the intensity of the radial flow becomes
weaker and weaker with increasing the distance between the boundaries in agreement with the
present result illustrated in Fig. 6. It is expected that for a sufficiently large distance between
the boundaries the bubble achieves a prolate shape during collapse leading to the formation of
two axial jets of equal velocity directed towards the bubble centre. Although no direct observation
is available in the literature, the numerical calculations of Shima and Sato (1984) indicates that
two opposite axial jets can be formed when a bubble with an initially prolate spheroidal shape
collapses between two flat rigid boundaries. It should be noted here that an experimental evidence
of this feature seems to be a real challenge since, as shown in Fig. 4, the axial jets are formed dur-
ing the very late stage of the collapse when the bubble is near minimum volume.
5. Conclusions

The dynamics of a pulsating, buoyant bubble near a rigid boundary near the null final Kelvin
impulse state is investigated numerically by using a boundary integral method. This case is par-
ticularly interesting because the opposing forces acting on the bubble, namely, the buoyancy force
directed away from the boundary and the Bjerknes force directed towards the boundary, are of
equal importance when summed over the bubble period at the end of the bubble collapse. The
bubble dynamics shows a large variation in the jetting behaviour depending on the initial distance
between bubble and boundary. The complex behaviour is attributed to a difference between the
strength of the opposing forces during the collapse phase of the bubble.

The dominant feature of the bubble dynamics is the formation of a radial flow around the lower
part of the bubble during collapse. The radial flow is a result of the oblate spheroidal shape of the
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bubble at its maximum expansion, while the location of the jet-flow is a consequence of a rela-
tively larger magnitude of the buoyancy force in the initial stage of the collapse. At larger c-values,
the bubble behaviour is characterized by the formation of two axial jets directed towards the bub-
ble centre. This is a consequence of the prolate spheroidal shape of the collapsing cavity which, in
turn, is caused by a more symmetric but weaker radial flow in the initial stage of the collapse.

The present results also demonstrate that the Kelvin impulse provides accurate predictions of
the jetting behaviour even in the neighbourhood of the neutral collapse state of a bubble. The
direction of the Kelvin impulse during the collapse phase of the bubble determines the position
of the radial jet in the initial stage of the collapse while its magnitude indicates the location
and the intensity of the radial jet. These are the essential factors in estimating the final fate of
a bubble situated in opposing pressure gradients and near the neutral collapse state of the bubble.
Away from this null-state, the final Kelvin impulse is an extremely valuable and accurate tool in
predicting the migratory characteristics of the bubble and the direction of the axial jet developed
during bubble collapse.
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